Trial wavefunctions including angular momentum projection and deformations, with linearized state-dependent and central Jastrow-type correlations are used to study the ground state rotational band of both 8 Be and 12 C nuclei. The competition between deformations, central Jastrow-type correlations and operatorial linear correlations is systematically analysed on different properties such as the energy, the square root mean radii, and transition amplitudes of the rotational band. A study of the one-and two-body spatial ground state densities is also carried out. All the matrix elements have been calculated by performing Monte Carlo simulations.
Introduction
Short-range correlations play an important role in quantum mechanics calculations of nuclear bound states by using realistic or semi-realistic potentials. They are tailored to take care properly of the effects of the nucleon-nucleon potential at low distances and can be considered to be similar for the ground and excited states. Medium-and long-range effects are usually thought to be responsible for the differences between bound states and are reasonably well described by using the mean-field approximation. Within this scheme, and by means of a suitable choice of the model, the effects arising from collective movements, pairing effects or α-cluster couplings may be included. The fact that short-range effects can be treated independently of medium-and long-range ones is the cornerstone of the Jastrow theory and is used to generate variational correlation factors.
The use of Jastrow-type trial wavefunctions gives rise to great difficulties in computing the expectation values which constitutes its major drawback in practical implementations. These trial wavefunctions are written as = F , where F is the correlation factor which takes into account the short-range correlations among the nucleons, and is the so-called model wavefunction which accounts for the statistics and provides the angular momentum and parity of the nucleus. Statistical-type methods, such as the Monte Carlo method, and those based on the Fermi hyper-netted chain theory, allow for the calculation of these expectations values without any approximation or with approximations that show, in principle, very little influence on the final results. Even within the framework of these theories, the use of compact and simple wavefunctions is mandatory. Otherwise the calculation becomes very hard, either because of the technical difficulties involved or due to the excessively long computational time required.
A lot of effort has been devoted to improve the short-range part of the trial wavefunction, while less attention has been paid to the model wavefunction. In many applications its role is mainly limited to account for the antisymmetry imposed by the fermionic statistics and to confine the nucleons in a finite region. However, a certain number of models have been devised to describe efficiently several aspects of the nuclear dynamics with simple wavefunctions not including short-range correlations. Examples of such functions are those obtained from the first-order coupled-cluster theory [1] [2] [3] , the Margenau model, formulated to describe the α-clustering effect for certain nuclei [4] and implemented in [5, 6] , the functions obtained from the Elliot SU 3 model [7] and their generalizations. Some of the previous examples have been recently used together with a correlation factor [3, [8] [9] [10] [11] . Finally, it is also worth mentioning here the calculations based on pair-correlated hyperspherical harmonics expansions which have been shown to provide accurate results for nuclei with A = 8, 12 with central potentials [12] . A review of variational calculations based on correlated basis function (CBF) can be found in [13] .
The aim of this work is to study the ground state rotational band of 8 Be and 12 C. To do that we shall work with a Jastrow-type trial wavefunction previously used in [3, 10] , in which the correlation part was taken as a central Jastrow term times a linear state-dependent factor. These model wavefunctions used in previous works did not have well defined angular momentum. In this paper we pursue the obtention of trial wavefunctions with a well defined value of the angular momentum. This objective will be achieved starting from wavefunctions that do not fulfil this property and then projecting out the components with different angular momentum. In doing so we apply Elliot's SU 3 model [7] , which is an acceptable approximation to the ground state and the first 2 + and 4 + states of both nuclei. As a result, a better description of the ground state and a good approximation to these excited states based on correlated wavefunctions is obtained. These excited states have been studied using correlated wavefunctions, in particular, a secondorder cluster expansion [14] [15] [16] . In this work the generator wavefunctions are constructed from a non-spherically symmetric single-particle orbital with axial symmetry, which are called deformed wavefunctions. The use of these wavefunctions allows us to study the competition between long-range correlations, responsible for the deformation of the mean-field, and shortrange correlations. The calculation of the different nuclear properties studied in this work is carried out by means of the variational Monte Carlo (VMC) method [17] .
The structure of this paper is as follows. In section 2 the trial wavefunction is shown in detail. The method is worked out in section 3. Section 4 is devoted to presenting and discussing the results obtained. Finally, section 5 summarizes and gives the conclusions of this paper.
Trial wavefunction and nuclear potential
The trial wavefunctions used in this work comprise a correlation part and a model wavefunction. The correlation factor is the product of a central Jastrow term, F J , and a state-dependent term, F L , with linear correlations. The model function, , is built in such a way that it has good angular momentum, giving some states of the rotational band of 8 Be and 12 C nuclei. For an A particle nucleus this trial wavefunction can be written as
where the Jastrow factor depends only on the distance between pair of nucleons
and the linear factor is defined as
where the function g(i, j ) depends on both radial and intrinsic degrees of freedom of particles i, j . This is the only part of the trial wavefunction where state-dependent correlations are present explicitly. In a previous work [10] an important competition has been found between the correlation mechanisms described by F J and F L , especially when the operatorial dependence is eliminated in the latter. Here we employ the same parametrization for the correlation functions g(i, j ) and f (r), used in previous works [3, 10] that has been shown to provide good results
where
The functions g (k) (r), k = 1, . . . , 4, and f (r) are parametrized as a linear combination of Gaussian functions
The parameters a m , and therefore they can be obtained by solving a generalized eigenvalue problem. On the other hand, b m , c n and d n are nonlinear parameters that are fixed by using a simplex algorithm [18] .
The model wavefunction, (1, . . . , A) , is generated using a Cartesian harmonic oscillator Hamiltonian,
where (n x , n y , n z ) 4 denotes a spin-isospin-saturated single-particle wavefunction, the spatial dependence being the Cartesian harmonic oscillator (n x , n y , n z ). The three Cartesian oscillator parameters, (α x , α y , α z ) are taken as free parameters to be determined variationally. They become nonlinear parameters and the simplex algorithm is also used to minimize the energy with respect to them. In this work we consider two cases: (a) a model wavefunction with spherical symmetry, α x = α y = α z and (b) a deformed model wavefunction with axial symmetry α x = α y = α z . In the latter case the deformation of the nucleus is given by the parameter d z defined as
where d z = 1 corresponds to spherical wavefunctions, d z < 1 to a prolate nuclear shape and d z > 1 to an oblate one. It is worth mentioning here that the determinants given by equation (7) are eigenfunctions of the total spin and total isospin operators for any choice of the single-particle orbital with eigenvalues S = 0 and T = 0. Model wavefunctions with either spherical or axial symmetry are eigenfunctions of the third component of the total orbital angular momentum operator with eigenvalue zero. However, they are not eigenfunctions of the total orbital angular momentum operator having non-zero components in the subspaces with L = 0, 2, 4 and L = 0, 2, 4, 6, . . . , for spherical and axial symmetry, respectively.
In our calculations for the ground and first excited rotational states, 2 + and 4 + , we shall use the components of the determinants (7) with the proper total angular momentum. In doing so the Peierls-Yoccoz projection operators [19] will be used. These operators, when the third component of the orbital angular momentum, L, is zero, can be written as
where R(α, β, γ ) is the rotation operator and D (L) * 0,0 (α, β, γ ) the rotation matrix with angular momentum L and zero third component. The model wavefunctions used in this paper are then written as
Both correlation factors, F L and F J , commute with P L due to their rotational invariance. Therefore, the projection operation is done only for the model part of the trial wavefunction.
For the nuclear interaction we use the modified Afnan-Tang potential MS3. This is a semirealistic interaction with an important repulsive core which has been developed to reproduce the s-wave scattering data up to about 60 MeV for the alpha particle [20] . It was originally defined in the even channels only and it was modified later on [21] to include the repulsive character in the triplet states. This is a v4-type potential including the same operatorial dependence as that adopted for the linear factor F L . It provides a reasonable description of light and medium nuclei and has been used in previous works. It is also a relatively simple potential that allows for accurate calculations for those systems [8] [9] [10] 22 ].
VMC calculation of the matrix elements
The VMC evaluation of the different expectation values involved in the determination of the energy and other properties presents several differences with respect to standard algorithms [17] . The reason for that lies in the presence in the trial wavefunction of both the state-dependent correlations (by means of F L ) and the projection operator P L .
To take care of the operatorial dependence of the wavefunction we shall follow the method developed in [10] for non-rotated wavefunctions. That scheme can be used without any modification to deal with the projected wavefunctions used here due to the spherical symmetry of the correlations.
The projection of the angular momentum has a strong influence on the calculation. This operation is performed by changing, for all the particles, the values of the angular variables of the spatial coordinates. Therefore, the single-particle wavefunctions, and henceforth the determinants, need to be calculated again once the rotation is done. This evaluation requires order A 3 operations, which constitutes the most time consuming part in the VMC. To avoid this step we have evaluated analytically some of the integrals, exploiting the transformation properties under rotations of the generator wavefunctions and operators whose expectation values we are interested in.
The problem can be formulated in general as the evaluation of the matrix element of an operator, T ,m , that is a spherical tensor of rank . The bra and ket functions are those given by equations (1) and (10) . For a tensor with zero third component of the angular momentum,
where 1 and 2 denote the Euler angles appearing in each projection operator. Starting from (11) and using the general properties of the rotation matrices and operators, this matrix element can be written as
where L M m |L M is a Clebsch-Gordan coefficient. This expression can be further simplified by taking into account that we are dealing with a zero-rank tensor and that the generating wavefunctions have zero third component of the total orbital angular momentum. Then the integration over the α and γ Euler angles can be done straightforwardly, obtaining
where r(β) implies a rotation around the y-axis of magnitude β, and d
The expectation value of the Hamiltonian can be written by making use of equation (13) as follows:
These integrals will be evaluated in this paper by making use of the VMC method. In doing so, it is convenient to use the following notation:
where τ denotes the spatial and intrinsic degrees of freedom of the nucleons, along with the Euler angle, β, and ω(τ ) is the so-called probability density distribution which is required to be positive in the integration domain. It is worth pointing out that the different terms in the integrals of equation (14) are not positive in the domain, therefore a selection for ω(τ ) must be done. We have verified that a suitable choice for the probability density distribution for this problem is
This scheme is also valid when dealing with operators that do not transform as scalars under rotations. The algorithm, however, requires some modifications when expectation values between different wavefunctions are computed. This is the case, for example, of the reduced transition probability between the excited state 2 + and the ground state given by [23] B(2
where the quadrupole operator, Q 20 , is
and R = 1 A A k=1 r k is the centre-of-mass coordinate which comes from the correction of the centre-of-mass motion. In the denominator one has the norm of both 0 and 2 instead of having only one wavefunction as in equation (14). This feature can be taken into account by means of a straightforward generalization of equation (15).
Results
The trial wavefunctions used in this work include essentially three different correlation mechanisms. The Jastrow factor takes care of the short-range correlations induced by the repulsive core of the nuclear potential. The linear term, F L , can be either interpreted as a linearization of the Jastrow term or as a different way to introduce a configuration-interaction scheme. Finally, the elements included in the model wavefunction account for medium-and long-range effects of the interaction. In a previous work [10] , in which non-deformed and non-projected wavefunctions were used, a strong competition between the Jastrow factor and the central part of the linear term was found. However, the state-dependent part of the linear factor has been shown to be independent of the central terms. We now analyse the role of the new elements included in the trial wavefunction, i.e. angular momentum projection and deformation.
In table 1 we show, for the ground state of 8 Be and 12 C, the best variational bounds obtained with projected trial wavefunctions with and without deformation, E J =0 . We also show the corresponding energies obtained when the trial wavefunction is not projected, E g , calculated with the parameters that minimize E J =0 . Several models including different correlation mechanisms have been studied. The notation used is the following: SM is the uncorrelated wavefunction, J denotes that the trial wavefunction includes only a central Jastrow factor, L denotes a linear factor including only central correlations, LO for a state-dependent linear term and, finally, JLO corresponds to the most general case of equation (1) with Jastrow-type radial correlations and linear state-dependent correlations. When deformed wavefunctions are used, the notation is SMd, Ld, Jd, LOd and JLOd for the same cases mentioned above. The effects of the projection can be elucidated by comparing the energies E g and E J =0 for each one of the trial wavefunctions used.
From this table it can be concluded that the value of the nuclear deformation, d z , is nearly independent from the correlation mechanisms included by the wavefunction, especially for 12 C. For 8 Be, trial wavefunctions with only central correlations predict stronger deformations than wavefunctions with state-dependent correlations. For the two nuclei here studied the value of d z is consistent with the nuclear shape in the absence of correlations. It is also worth mentioning that the lowering in energy obtained when using deformed wavefunction with respect to the spherical model is roughly independent of the correlation factor used when Table 1 . Ground state energy (in MeV) and root mean square radius (in fm) of 8 Be and 12 C calculated from different trial wavefunctions. E g labels the results obtained from nonprojected wavefunctions. E J =0 labels the results obtained from wavefunctions with a good angular momentum, d z is the deformation parameter and α is the oscillator parameter (α x for deformed wavefunctions). The results are compared with some others obtained previously. state-dependent correlations are not included. The inclusion of these types of correlations diminish the differences between the energies obtained from deformed and non-deformed wavefunctions.
The angular momentum projection also induces a lowering in the variational energy of about 3 MeV for non-deformed wavefunctions and of about 8 MeV for deformed ones as can be seen by comparing the E g and E J =0 columns. The magnitude of this reduction is also nearly independent of the correlation factor used. This is due to the fact that both the Jastrow and the linear terms are spherically symmetric. The fact that the lowering is more important for the deformed than for the non-deformed wavefunctions can be interpreted by assuming that in the former the relative weight of the components with non-zero angular momentum is bigger than in the latter. In table 1 we also show the ground state energy obtained within the hyperspherical harmonic method (PCHH row) [12] , and, finally the JLα row show the results obtained in [11] where an α-cluster model wavefunction coupled to zero angular momentum and Jastrow and linear correlations among the nucleons in the same α-particle was used. It can be noticed that these last results for the ground state energy practically coincide with those of this paper, despite the wavefunctions in both works being different.
In table 1 we also give the square root mean radius of the nucleus, r 2 , corresponding to projected wavefunctions. The presence of correlations leads to much smaller nuclei, because of the proper treatment of the repulsive core of the potential that favours smaller internucleon distances. Different correlation factors have different effects on this quantity. Thus Jastrowtype correlations give rise to smaller nuclear radii than central linear-type correlations (J and L rows). A further reduction is obtained if a wavefunction with state-dependent correlations is used, due to the fact that the operatorial dependence better mimics the nuclear potential than a purely central trial wavefunction.
A complementary study of the ground state of both 8 Be and 12 C nuclei can be done by studying the one-and two-body position densities which provide the probability density distributions for finding a nucleon around the centre of mass of the system or around another given nucleon, respectively. They give insight into the effect of the nucleon-nucleon correlations on the nuclear structure. In this work we consider the spherically averaged oneand two-body densities normalized to unity, given by
In figure 1 we plot, for 8 Be and 12 C, the spherically averaged one-body density obtained from the deformed and angular momentum projected trial wavefunctions calculated in this work. We also compare for 12 C with the charge density obtained from the experimental data of electron scattering [24] . The more important differences among the different densities obtained from the trial wavefunctions proposed here take place around the centre-of-mass position for distances of up to 2 fm. Thus, the Jastrow-type (Jd) wavefunction provides the higher values for the nucleon distribution around the centre of mass, and a comparison between the Jd and JLd results reveals the reduction in the nucleon distribution in the neighbourhood of the centre of mass due to the linear term. The state-dependent correlations induce a remarkable effect on this density at short distances where the density is reduced, and at medium distances where the density is increased. These facts are very important for 12 C with the JLO trial wavefunction, which shows a minimum in the centre of mass and a pronounced maximum around 1 fm. The agreement with the experimental data is relatively poor especially for the best wavefunction used in this work.
In figure 2 we plot the spherically averaged two-body density for the two nuclei as in figure 1 . All of the trial wavefunctions provide similar results with an important minimum at the origin (zero nucleon-nucleon separation) and a maximum located at an internucleon distance slightly greater than the value where the potential presents its minimum. It is worth mentioning that for both nuclei the trial wavefunction including only Jastrow correlations (Jd) provides a density that practically superimposes that obtained from the JLOd trial wavefunction.
A study of the excited 2 + and 4 + states of 8 Be and 12 C nuclei, which are the first excited states of their ground state rotational band, is done in table 2. We show the energy of both excited states together with the transition probability between the 2 + and the ground state calculated from the different trial wavefunctions considered in this work as compared with the experimental values [25, 26] . From these results it can be concluded that in order to obtain reasonable agreement with the experimental values, deformation and correlations must be included in the trial wavefunction. For both nuclei, the energies obtained from wavefunctions including different mechanisms of correlation are quite similar. The use of state-dependent correlations leads to an improvement in the energy of the 2 + state, although that of the 4 + one is overestimated with respect to the experimental value, and is slightly higher than the energy calculated from wavefunctions with only state-independent correlations. For 12 C the use of non-correlated trial wavefunctions gives rise to a reduced transition probability B(2 + → 0 + : 2) that presents a very important disagreement with the experimental value. The inclusion of the correlations in the wavefunction improves this value. The use of trial wavefunctions with deformation gives transition probabilities that overestimate the experimental result, while the values calculated from non-deformed wavefunctions are always below the experimental value. From the results obtained here it can be concluded that the use of central and statedependent correlated trial wavefunctions with the correct angular momentum and deformations is mandatory to obtain reliable variational results for energies and transition probabilities. For comparison we have also included some other results obtained working in the second-order cluster expansion (CE2) and correlated basis function (CBF) and using different nucleonnucleon potentials such as the Brink-Boeker B1-potential [14] (CE2-B1 row), the V8 Reid soft core potential (CBF-RSCV8), and Argonne and Urbana V14 potentials (CBF-AR14 and CBF-UR14, respectively) [15, 16] . Let us comment that the results found here for 12 C are significantly better than those obtained in [14] [15] [16] , although for 8 Be the quality of the results is, in general, similar to that of the results obtained from a V14-type potential.
Conclusions
A variational study of the ground state and some members of its rotational band for 8 Be and 12 C has been carried out. Trial wavefunctions that comprise several aspects of the nuclear dynamics have been used. Short-range correlations are included by means of a central Jastrow Table 2 . Excitation energies (in MeV) for some states of the ground state rotational band of 8 Be and 12 C calculated from different trial wavefunctions. The reduced probability transition (in fm 4 ) between the 2 + and the ground state is also shown. In the row labelled Expt we give the experimental values for those quantities. The results are compared with some others previously obtained [14] [15] [16] . [25] . b [26] .
term, and spin-isospin correlations have been taken into account by means of a linear statedependent factor. Finally, medium-and long-range effects are described in the model part of the trial wavefunction. A deformation together with an angular momentum projection has been considered in the wavefunction. The projection has been carried out using the Peierls-Yoccoz projection operators which act by rotating the intrinsic state and integrating over all angles weighted by the rotation matrix. This operation has been included in the VMC algorithm by taking advantage of the properties of the rotation operators and of the transformation properties of the Hamiltonian and other operators under rotation. The use of this method provides not only a wavefunction with good angular momentum quantum numbers to describe the ground state, but also the excited states of the rotational band of these nuclei.
Binding energies and transition probabilities have been calculated and compared with other calculations and experimental data when available. A systematic effect of the role played by the different correlation mechanisms included in the trial wavefunction has been performed. Local effects of correlations on spatial distribution of the nucleons have been studied by means of the ground state one-and two-body spherically averaged densities. The use of wavefunctions with deformations, central and state-dependent correlations and good angular momentum substantially improves the results with respect to those provided by other trial functions that do not contain these correlation mechanisms. In spite of that, the results do not agree completely with the experimental data. In order to compare accurately with them, modern nuclear potentials including tensor, spin-orbit and other terms need to be used. All of these correlation mechanisms induced by the potential need to be incorporated in the wavefunction.
Finally, some comments concerning the computation time are in order. The results presented in this paper involve calculations that take around 1 day of computer time on a medium-sized workstation for the most costly case. Therefore, the algorithm described in this paper allows one to study p-shell nuclei without an excessive computational effort, obtaining reliable results.
